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ABSTRACT. – LetM be a closed oriented Riemannian smooth manifold. The Von Neumann dimension of
the spectrum of the Laplace–Beltrami operator acting on differential forms of degree l on M is a homotopy
invariant of M , called the lth Novikov–Shubin invariant of M . In this paper, using Representation Theory
of semisimple Lie groups, we compute the Novikov–Shubin invariants of locally symmetric spaces. Ó 2000
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RÉSUMÉ. – Soit M une variété riemannienne lisse fermée orientée. La dimension de Von Neumann du
spectre de l’opérateur de Laplace–Beltrami agissant sur les formes différentielles de degré l sur M est un
invariant homotopique de M , appelé lième invariant de Novikov–Shubin de M . Dans cet article, en utilisant
la théorie des représentations des groupes de Lie semisimples, nous calculons les invariants de Novikov–
Shubin des espaces localement symétriques. Ó 2000 Éditions scientifiques et médicales Elsevier SAS
Mots Clés: Invariants de Novikov–Shubin, Equation de la chaleur sur les formes différentielles, Espaces
localement symétriques, Formule de Plancherel pour les groupes de Lie semisimples, (g,K)-cohomologie
1. Introduction
The aim of this paper is to compute the Novikov–Shubin invariants for locally symmetric
spaces.
Let M be a closed oriented smooth n-dimensional Riemannian manifold covered by a simply
connected M˜ . Then, for each integer 0 6 l 6 n, the Laplacian 1˜ acting on smooth compactly
supported l-forms on M˜ is densely defined on the space Λ(M˜) of square integrable l-forms with
domain the Sobolev space H 2(Λ(M˜))). The discrete group Γ = Π1(M) acting on M˜ can be
used to define a trace TrΓ onM⊗ B(Λl(F)) whereM is the Von Neumann algebra generated
by the right translations on l2(Γ ) and B(Λl(F)) is the algebra of bounded operators on the space
of square integrable l-forms on the fundamental domain F of M [7]. More precisely, if et 1˜l is
112 N. LOHOUE, S. MEHDI / J. Math. Pures Appl. 79 (2000) 111–140
the heat kernel on l-forms of M˜ , then our object of interest is the expression:
TrΓ
(
et 1˜l
)= ∫
F
Tr
(
et 1˜l (x, x)
)
dσ(x),(1.1)
where Tr is the usual trace on Λl(F) and dσ is the volume element induced by the metric of M˜ .
We want to compute, for locally symmetric spaces, the following real number:
αl(M)= Sup
{
βl ∈R∗+ | TrΓ
(
et 1˜l
) t→+∞= O(t−βl/2)},(1.2)
called the lth Novikov–Shubin invariant of M [7]. The importance of such numbers is because
they are smooth invariants of M and are homeomorphisms invariant as shown by Novikov and
Shubin in [15]. Note that Lott already computed these invariants for hyperbolic spaces [14].
Following Borel [2], suppose that M˜ = G/K where G is a connected non-compact real
semisimple Lie group and K a maximal compact subgroup of G. Then if the rank of K is equal
to the rank of G, αl(M) is equal to +∞ for all integer l. In general, if l /∈] 12 (dim(G/K) −
1
2 (rank(G) − rank(K)); 12 (dim(G/K) + 12 (rank(G) − rank(K))] then αl(M) is equal to +∞.
So our task will therefore be concentrated on the case where 12 dim(G/K) − 12 (rank(G) −
rank(K)) 6 l 6 12 dim(G/K) + 12 (rank(G) − rank(K)). Our strategy to compute αl is to use
representation theory.
Let G be a non-compact connected real semisimple Lie group with finite center and K a
maximal compact subgroup of G. The Killing form of G induces on the homogeneous space
G/K a structure of Riemannian manifold with G as its group of isometries. Actually, G/K is
a non-compact Riemannian symmetric space, and it is known that any Riemannian symmetric
space of the non-compact type is of the form G/K with G and K as above. Moreover, we
assume that the rank of G is different from the rank of K; or, equivalently, that the discrete
series of G is empty [10]. For each integer l in {0; . . .;dimR(G/K)}, we let (TeKG/K)C be the
complexification of the tangent space of G/K at eK and ((TeKG/K)C)∗ its vector dual. Let σ ∗l
be the unitary representation of K on V∗l = Λl((TeKG/K)C)∗ defined as the exterior product
ΛlAd∗|K of the restriction to K of the co-adjoint action Ad∗ of G. Consider the complex vector
space C∞c (G,σ ∗l ) of compactly supported V∗l -valued functions f onG satisfying the equivariant
relation (Section 3):
f (gk)= σ ∗l
(
k−1
)
f (g) ∀(g, k) ∈G×K(1.3)
with (∫
G
∥∥f (g)∥∥2V∗l dg
)1/2
<+∞,(1.4)
where ‖ ‖V∗l denotes theK-invariant norm on V∗l associated to aK-invariant scalar product 〈 , 〉V∗l
on V∗l and dg a Haar measure on G. We denote by L2(G,σ ∗l ) the Hilbert space completion
of C∞c (G,σ ∗l ) relatively to norm (1.4). It turns out that L2(G,σ ∗l ) is invariant under the
left translations of G. This defines the unitary induced representation pi∗l = IndGKσ ∗l of G on
L2(G,σ ∗l ) (Section 3). Observe that a complex differential form of degree l on G/K can be
viewed as a section of the bundle:(
G×K Λl
(
(TeKG/K)
C))∗ →G/K(1.5)
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over G/K . Hence one can consider the natural action of G by left translations on such sections
as the unitary representation pi∗l of G induced from the finite-dimensional representation σ ∗l of
K in V∗l .
Next, let 1l be the Hodge–de Rham Laplace operator acting on compactly supported
differential forms of degree l on G/K . Let 1˜l be the unique self-adjoint extension of 1l to
L2(G,σ ∗l ). The Heat equation on L2(G,σ ∗l ) is the problem of determining, for all element ψ
in L2(G,σ ∗l ), the family {φt | t ∈ R∗+} of elements φt in L2(G,σ ∗l ) which are solutions of the
differential system: 
1˜lφt = ∂
∂t
φt ,
lim
t→0φt =ψ.
(1.6)
To compute the fundamental solution of the heat equation on L2(G,σ ∗l ), we proceed as follows.
Let L (resp. R) be the left (resp. right) regular representation of G in the Hilbert space L2(G)
of square integrable complex-valued functions on G. Define the Hilbert space (L2(G)⊗ V∗l )K
of the K-fixed elements in the tensor product L2(G)⊗V∗l under the K-action R⊗ σ ∗l . Then the
action L⊗ 1 ofG in L2(G)⊗V∗l defines a unitary representation ofG in (L2(G)⊗V∗l )K which
is equivalent to the unitary representation pi∗l of G in L2(G,σ ∗l ) (see (3.11)).
Thus, it is natural to look at the generalized principal series of G (Section 4) to diagonalize
pi∗l into irreducible components (Section 5). Let MAN be the Langlands decomposition of a
cuspidal parabolic subgroup of G (Section 4.2). Let piξ,ν be the unitary representation of G in a
Hilbert space Hξ,ν induced from the representation ξ ⊗ iν ⊗ 1 of MAN , where ξ is a discrete
series representation ofM and ν is a linear form on the Lie algebra a0 of A. Define the set M̂(σ ∗l )
by:
M̂
(
σ ∗l
)= {piξ,ν |HomM∩K(Hξ,ν ,V∗l ) 6= {0}}.(1.7)
Then, if we denote by 1(H∗ξ,ν⊗V∗l )K the trivial representation of the space (H
∗
ξ,ν ⊗ V∗l )K of K-
fixed elements of (H∗ξ,ν ⊗ V∗l ) relatively to the K-action (1⊗ R)⊗ σ ∗l , we have the following
decomposition of pi∗l (5.13):
pi∗l '
r∑
i=1
∑
ξγi∈M̂γi (σ ∗l )
⊕̂∫
a∗γi ,0
piξγi ,νγi ⊗̂1(H∗ξγi ,νγi⊗V∗l )K ci(ξγi , νγi )dνγi ,(1.8)
where, for each i in {1; . . .; r}, dνγi is a Lebesgue measure on a∗γi,0 and ci(ξγi , νγi ) is a
continuous function of polynomial growth on (M̂γi )d×a∗γi ,0 defined in [11]. Here r is the number
of conjugacy classes of Cartan subgroups in G.
Next, we use this diagonalization of pi∗l to define the Fourier transform φ̂ of a compactly
supported differential form φ of degree l on G/K (Section 7). Moreover, since the unitary
representations piξ,ν are quasi-simple, the Laplacian 1˜l acts, as the Casimir operator of G, by
a scalar ωξ,ν on each representation space Hξ,ν of piξ,ν (Section 6). Hence, under the Fourier
transform, the operator 1˜l goes into multiplication by ωξ,ν . So the Heat equation (1.6) can be
rewritten simply as follows: {
ωξ,ν φ̂t (ξ, ν)= ∂∂t φ̂t (ξ, ν),
limt→0 φ̂t (ξ, ν)= ψ̂(ξ, ν).
(1.9)
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Thus, to obtain the solutions of the Heat equation, we just need to compute the inverse Fourier
transform of φ̂t = ψ̂etωξ,ν (Section 7). In particular, we give the fundamental solution hlt of the
Heat equation (Proposition 8.2). Here the heat kernel hlt of l-forms on G/K is viewed as a
End(V∗l )-valued function on G (Section 8).
Finally, using the (g,K)-cohomology with coefficients in the generalized principal series of
G (Section 9), we give the explicit description of the scalar ωξ,ν above (Lemmas 10.1 and 10.2).
Then, as a direct application of our diagonalization (5.13) of the representation pi∗l of G, we
compute, for all integer l in {0; . . . ;dimR(G/K)}, the Novikov–Shubin invariants αl(M) of a
locally symmetric manifoldM covered by G/K (Proposition 11.1).
Moreover, as an example, we write a special section on the complex case. In this case
the diagonalization (5.13) of pi∗l is, in fact, the decomposition (12.8) of pi∗l into irreducible
components. And the computation of the Novikov–Shubin invariants can be done directly and
explicitly without using the (g,K)-cohomology.
Notation. – In the sequel, we shall use the following standard notation. If E is a finite set,
then ](E) will denote the number of elements in E. Next, if V0 is a real vector space or a real
Lie algebra, we shall denote by V its complexification. V ∗0 (resp. V ∗) will denote the real (resp.
complex) vector dual of V0 (resp. V ). The identity operator of V (resp. V0) will be denoted by
IdV (resp. IdV0 ). For S a subgroup of G, we shall denote by Ŝ the set of equivalence classes of
unitary irreducible representations of S (the unitary dual of S); and by Ŝd the disrete series of S.
Moreover, if τ is a unitary representation of S in a Hilbert space Vτ , [τ ] will denote the set of all
unitary representations equivalent to τ ; and τ∞ (resp. V∞τ ) the smooth vectors of τ (resp. Vτ ).
If pi is a unitary irreducible representation of G and τ is a unitary irreducible representation of
S, we shall denote by m(τ,pi|S ) the multiplicity of τ in the restriction pi|S of pi to S and, except
otherwise stated, by Vτ the representation space of τ . On the other and, if V and W are two
S-modules, we will denote by HomS(V,W) the complex vector space of homomorphisms of
the S-modules V and W . We shall denote by End(V ) the vector space of endomorphisms of V .
Finally, if H1 and H2 are two Hilbert spaces, we shall denote by H1 ⊕̂H2 (resp. H1 ⊗̂H2) the
Hilbert completion of the sum (resp. tensor product)H1 ⊕H2 (resp.H1 ⊗H2).
2. Preliminaries
Let G be a non-compact connected real semisimple Lie group with finite center. Let K be a
maximal compact subgroup of G. Denote by Θ the Cartan involution of G whose set of fixed
points GΘ is the subgroup K . Next, let θ0 be the differential of Θ at the identity element e of
G, such that θ0 is the Cartan involution of the Lie algebra g0 of G whose set of fixed points is
the Lie algebra k0 of K . Actually, if we put p0 = {X ∈ g0 | θ0(X)=−X}, we have the so-called
Cartan decomposition of g0 relative to θ0:
g0 = k0 ⊕ p0.(2.1)
Note that if we extend linearly θ0 to θ on the complexification g of g0, then we have the Cartan
decomposition of g relative to θ :
g= k⊕ p.(2.2)
Moreover the Killing form of g:
Bg :g× g→C, (X,Y ) 7→ Tr
(
ad(X) ◦ ad(Y ))(2.3)
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is a non-degenerate G-invariant bilinear form on g, whose restriction to k (resp. p) is negative
(resp. positive) definite. And we have:
Bg(k,p)= {0}.(2.4)
On the other hand, since we have [k0,p0] ⊂ p0, the subgroup K of G acts on the vector dual
p∗0 of p0 by the restriction Ad
∗|K to K of the coadjoint action Ad∗ of G. This K-action, called
the isotropy representation of K , extends naturally to an action of K on p∗. Moreover, for any
integer l in {0; . . .;dimR(G/K)}, we consider the natural representation σ ∗l of K on the exterior
product V∗l =Λlp∗ given by the tensor product of:
ΛlAd∗|K .(2.5)
The representation σ ∗l of K in V∗l is finite-dimensional and hence is unitary. However σ ∗l is
not irreducible in general but is a finite sum:
σ ∗l =
ql⊕
j=1
σ
∗j
l(2.6)
of irreducible unitary representations σ ∗jl of K on a d
j
l -dimensional subspace V∗jl of V∗l . We
shall denote, for all integer j in {1; . . .;ql}, by prj the natural projection from V∗l onto V∗jl :
prj :
ql⊕
i=1
V∗il → V∗jl .(2.7)
3. The unitary representation pi∗l of G induced by σ
∗
l
The unitary representation pi∗l of G induced by σ ∗l is naturally realized as a unitary
representation of G by left translations on a space of differential forms of degree l on the
Riemannian symmetric space G/K as follows. Let C∞c (G,σ ∗l ) be the complex vector space
of smooth functions f :G→ V∗l which are of compact support and satisfying:
f (gk)= σ ∗l
(
k−1
)
f (g) ∀(g, k) ∈G×K(3.1)
with (∫
G
∥∥f (g)∥∥2V∗l dg
)1/2
<+∞,(3.2)
where ‖ ‖V∗l denotes theK-invariant norm on V∗l associated to aK-invariant scalar product 〈 , 〉V∗l
on V∗l and dg is a Haar measure on G. We denote by L2(G,σ ∗l ) the completion of C∞c (G,σ ∗l )
relatively to norm (3.2). Actually, L2(G,σ ∗l ) is a Hilbert space relatively to the scalar product〈 , 〉pi∗l defined by:
〈f1, f2〉pi∗l =
∫
G
〈
f1(g), f2(g)
〉
V∗l dg ∀(f1, f2) ∈L
2(G,σ ∗l )×L2(G,σ ∗l ).(3.3)
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Then pi∗l is the unitary representation of G in L2(G,σ ∗l ) given by left translations:
pi∗l (g)(f )(g′)= f
(
g−1g′
) ∀f ∈ L2(G,σ ∗l ) ∀(g, g′) ∈G×G.(3.4)
On the other hand, let L2(G) be the complex vector space of functions F :G→C which are
dg-measurable and satisfy the condition:∫
G
∣∣F(g)∣∣2 dg <+∞.(3.5)
It is well known that L2(G) is a Hilbert space for the scalar product:
〈F1,F2〉L2 =
∫
G
F1(g)F2(g)dg ∀(F1,F2) ∈ L2(G)×L2(G).(3.6)
Let L (resp. R) be the left (resp. right) regular representation ofG defined as the left (resp. right)
translations on L2(G). We consider the tensor product L2(G) ⊗ V∗l equipped with the action
R⊗ σ ∗l of K defined by:
(R⊗ σ ∗l )(k)(F ⊗ v)=R(k)(F )⊗ σ ∗l (k)(v) ∀F ⊗ v ∈L2(G)⊗ V∗l ∀k ∈K.(3.7)
Next, let Map(G,V∗l ) be the complex vector space of V∗l -valued functions on G and define the
following map Ψ :
Ψ :L2(G)⊗ V∗l → Map(G,V∗l )
F ⊗ v 7→ Ψ (F ⊗ v) :g 7→ F(g)v.
(3.8)
If, as usual, we denote by (L2(G)⊗ V∗l )K the set of K-fixed vectors of L2(G)⊗ V∗l under the
K-action (3.7), then, we easily check that:
F ⊗ v ∈ (L2(G)⊗ V∗l )K ⇔ Ψ (F ⊗ v) ∈L2(G,σ ∗l ).(3.9)
We equip L2(G)⊗ V∗l with the action L⊗ 1 of G defined by:
(L⊗ 1)(g)(F ⊗ v)= L(g)(F )⊗ v ∀F ⊗ v ∈ L2(G)⊗ V∗l ∀g ∈G,(3.10)
so that we have:
Ψ ◦ (L⊗ 1)= pi∗l ◦Ψ.(3.11)
In this way, we shall identify theG-moduleL2(G,σ ∗l ) with theG-module (L2(G)⊗V∗l )K . Thus,
to diagonalize pi∗l , it suffices, in some sense, to know which irreducible components of L2(G)
appear in pi∗l . The point is that any unitary representation of G appearing in the decomposition
of L2(G) belongs to the generalized principal series of G [10].
4. The generalized principal series of G
The construction of the generalized principal series of G is based on the unitary induction
from unitary characters of cuspidal parabolic subgroups of G.
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4.1. Cuspidal parabolic subalgebras of g0
Recall the Cartan decomposition (2.1) of g0 and let a0 be a maximal Abelian vector subspace
of p0. This defines a family {ad(X) | X ∈ a0} of endomorphisms of g0 that are simultaneously
diagonalizable. As usual we let ∆(a0,g0) be the set of restricted (real) roots of g0 relative to a0
and (g0)α be the root space corresponding to α. After choosing a lexicographic order on a∗0, we
let ∆+(a0,g0) be the set of positive roots in ∆(a0,g0). Next, we define the nilpotent subalgebra
n0 of g0 by:
n0 =
∑
α∈∆+(a0,g0)
(g0)α.(4.1)
Let A and N be the connected analytic closed subgroups of G with Lie algebra a0 and n0
respectively. The Iwasawa decomposition of G is:
G=KAN.(4.2)
On the other hand, let m0 be the centralizer of a0 in k0 and consider the subalgebra q0 of g0
defined by:
q0 =m0 ⊕ a0 ⊕ n0.(4.3)
Let Int(k0) (resp. Int(K)) be the group of inner automorphisms of k0 (resp. K). We say that a
subalgebra of g0 is parabolic (resp. standard parabolic) if it contains a Int(k0)-conjugate of q0
(resp. contains q0). The right-hand side of (4.3) is called the Langlands decomposition of q0.
Actually, it is well-known (Proposition 5.23 of [12]) that all the parabolic subalgebras of g0 can
be described by their Langlands decomposition. Indeed, let Π(a0,g0) be the set of restricted
simple roots of g0 relatively to a0 and P(Π(a0,g0)) the set of all subsets of Π(a0,g0). If γ
belongs to P(Π(a0,g0)), we put:
aγ,0 =
{
X ∈ a0 | α(X)= 0 ∀α ∈ γ
}(4.4)
and
γ+ = {α ∈∆+(a0,g0)|(α)|aγ,0 6= 0}.(4.5)
This defines two subalgebras mγ,0 and nγ,0 of g0 such that (p. 133 of [12]):{
m0 ⊂mγ,0 and mγ,0⊕ aγ,0 = Zg0(aγ,0),
nγ,0 ⊂ n0 and nγ,0 =∑α∈γ+(g0)α.(4.6)
Then, we obtain an Abelian subalgebra aγ,0 of g0 and a nilpotent subalgebra nγ,0 of g0 which is
normalized by mγ,0 and by aγ,0. It turns out that the following subalgebra:
qγ,0 =mγ,0⊕ aγ,0⊕ nγ,0(4.7)
is a parabolic subalgebra of g0, called the standard parabolic subalgebra associated to γ , with the
right-hand side of (4.7) as its Langlands decomposition. Hence, we have the following bijection:
γ ∈P(pi(a0,g0)) 7→ Int(k0)(qγ,0)⊂ {parabolic subalgebras of g0}(4.8)
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such that: {
q∅,0 = q0,
qΠ(a0,g0),0 = g0.(4.9)
Finally, if γ ∈ P(pi(a0,g0)), the parabolic subalgebra qγ,0 of g0 is said to be cuspidal if there
exists a θ0-stable Cartan subalgebra hγ,0 of g0 satisfying hγ,0∩ p0 = aγ,0 (p. 135 of [12]). In this
case, we put tγ,0 = hγ,0 ∩ k, so that tγ,0 is a Cartan subalgebra of mγ,0 and
hγ,0 = tγ,0⊕ aγ,0.(4.10)
Such a Cartan subalgebra hγ,0 of g0 is said to be compatible with qγ,0. Actually, there are only a
finitely many, say r , conjugacy classes of θ0-stable Cartan subalgebras of g0 [8]. We shall denote
by Cg0 the set of (conjugacy classes of) Cartan subalgebras of g0:
Cg0 = {hγ1,0; . . . ;hγr ,0},(4.11)
where hγi,0 is compatible with the cuspidal parabolic subalgebra qγi,0 of g0.
Remark 4.1. – Note that, since m0 = m∅,0 is compact, the minimal parabolic subalgebra
q0 = q∅,0 of g0 is always cuspidal.
4.2. Cuspidal parabolic subgroups of G
We fix an element γ of P(Π(a0,g0)). Denote by M0γ , Nγ and Aγ the connected analytic
subgroups of G with Lie algebras mγ,0, nγ,0 and aγ,0 respectively. Let ZK(aγ,0) be the
centralizer of aγ,0 in K and Mγ = M0γ ZK(aγ,0) the closed subgroup of G with Lie algebra
mγ,0. The subgroup Mγ is neither connected nor compact in general. In particular, if γ = ∅
then A∅ = A and N∅ = N are given by (4.2), and M∅ ≡M = ZK(a∅,0) = ZK(a0). When γ =
Π(a0,g0) then AΠ(a0,g0) = NΠ(a0,g0) = {e} and MΠ(a0,g0) = ZG(aΠ(a0,g0),0)= ZG({0})=G.
Let Qγ be the subgroup of G given by:
Qγ =MγAγNγ .(4.12)
ThenQγ is a closed subgroup of G which is the standard parabolic subgroup of G associated to
γ , with Lie algebra qγ,0 defined by (4.7). Actually, any parabolic subgroup of G is a closed
subgroup K-conjugated to Qγ and, thus, contains a K-conjugate of Q = Q∅ = MAN . By
analogy with (4.8), we have the following bijection:
γ ∈ P(Π(a0,g0)) 7→ Int(K)Qγ ⊂ {parabolic subgroups of G}(4.13)
satisfying {
Q∅ =Q,
QΠ(a0,g0) =G.
(4.14)
We say that the parabolic subgroup Qγ of G is cuspidal if its Lie algebra qγ,0 is cuspidal. It is
well-known [9] that Qγ is cuspidal if, and only if, Mγ has a compact Cartan subgroup.
Remark 4.2. – The minimal parabolic subgroup Q = Q∅ of G is always cuspidal since
M =M∅ is compact. But QΠ(a0,g0) = G is cuspidal if, and only if, G has a compact Cartan
subgroup.
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Finally, let Qγ and Qγ ′ be two cuspidal parabolic subgroups of G. We say that Qγ and Qγ ′
are associate if there exists g in G such that gAγ g−1 = Aγ ′ . Actually, if Qγ and Qγ ′ are two
associate cuspidal parabolic subgroups ofG, then, up to a conjugacy, we haveMγAγ =Mγ ′Aγ ′ .
Now, let Hγ be the Cartan subgroup of G compatible with Qγ , that is with Lie algebra tγ,0
defined by (4.10). It is known [13] that two cuspidal parabolic subgroupsQγ and Qγ ′ of G are
associate if, and only if, Hγ and Hγ ′ are conjugated. In the sequel, we shall denote by CG the set
of (conjugacy classes of) Cartan subgroups of G:
CG = {Hγ1; . . . ;Hγr },(4.15)
corresponding to the set (4.11) of (conjugacy classes of) Cartan subalgebras of G.
4.3. The generalized principal series of G
Let γ ∈ P(Π(a0,g0)) and Qγ =MγAγNγ the corresponding (standard) parabolic subgroup
of G. Harish-Chandra has proved [9] that, for all γ ∈ P(Π(a0,g0)), Mγ has a discrete series if,
and only if, Qγ is a cuspidal parabolic subgroup of G. Assume that Qγ is a cuspidal parabolic
subgroup of G. Let ξγ be a unitary irreducible representation of Mγ in a Hilbert space Vξγ
belonging to the discrete series of Mγ . Let νγ be an element of a∗γ,0. We consider the unitary
irreducible representation ξγ ⊗ iνγ ⊗ 1 of Qγ in Vξγ given by:
ξγ ⊗ iνγ ⊗ 1
(
meXn
)= ξγ (m)eiνγ (X) ∀meXn ∈MγAγNγ .(4.16)
We then form the unitary induced representation piξγ ,νγ of G from ξγ ⊗ iνγ ⊗ 1 in the following
way. Let
ρaγ,0 =
1
2
∑
α∈∆+(aγ,0,g0)
(
dimR(g0)α
)
α
be the half sum of restricted positive (real) roots counted with their multiplicities. Denote by
C∞(G, (ξγ , νγ )) the complex vector space of smooth Vξγ -valued functions on G:
f
(
gmeXn
)= ξ−1γ (m)e−(iνγ+2ρaγ,0 )(X)f (g) ∀g ∈G, ∀meXn ∈MγAγNγ(4.17)
equipped with the norm:
‖f ‖ =
(∫
K
∥∥f (k)∥∥2
Vξγ
dk
)1/2
∀f ∈ C∞(G,(ξγ , νγ )),(4.18)
where ‖ ‖Vξγ is the norm associated to a Mγ -invariant scalar product 〈 , 〉Vξγ on Vξγ . Let Hξγ ,νγ
be the completion of C∞(G, (ξγ , νγ )) relatively to the norm (4.18). Then Hξγ ,νγ is a Hilbert
space invariant under the left translations of G:
(g · f )(g′)= f (g−1g′) ∀f ∈Hξγ ,νγ ∀(g′, g) ∈G×G.(4.19)
This defines the unitary induced representation piξγ ,νγ of G in Hξγ ,νγ . We shall define the Qγ -
principal series as the set of unitary representations:{
piξγ ,νγ | (ξγ , νγ ) ∈
(
M̂γ
)
d
× a∗γ,0
}
.(4.20)
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Let ZG(Aγ ) (resp. NG(Aγ )) be the centralizer (resp. normalizer) of Aγ in G. We define the
Weyl group Wγ of Aγ in G as the quotient:
Wγ =NG(Aγ )/ZG(Aγ ).(4.21)
Note that, from (4.6), ZG(Aγ )=MγAγ . The groupWγ acts on (M̂γ )d (resp. Âγ ) as follows:
(w · λ)(m)= λ(x−1mx) ∀w = xZG(Aγ ) ∈Wγ ∀m ∈Mγ (resp.m ∈Aγ )
∀λ ∈ (M̂γ )d (resp. λ ∈ a∗γ,0) .(4.22)
Then it is known [11] that, as unitary representations of G, we have:
piξγ ,νγ ' piw·ξγ ,w·νγ ∀w ∈Wγ .(4.23)
Finally, let Qγ = MγAγNγ and Qγ ′ = MγAγN ′γ be two associate cuspidal parabolic
subgroups of G. Then the unitary representations IndGQγ ξγ ⊗ iνγ ⊗ 1 and IndGQγ ′ ξγ ⊗ iνγ ⊗ 1
are equivalent [10]. On the other hand, it is known [13] that if Qγ and Qγ ′ are two non-
associate cuspidal parabolic subgroups of G, then any representation in the Qγ -principal series
is not equivalent to any representation in the Qγ ′ -principal series. In the sequel, we shall denote
by Pcusp the finite set of (conjugacy classes of) non-associate cuspidal parabolic subgroups ofG:
Pcusp = {Qγ1, . . . ,Qγr },(4.24)
such that, for all i in {1; . . .; r}, the Cartan subgroup Hγi of G defined by (4.15) is compatible
with Qγi . Then the generalized principal series of G, which we will denote by PS(G), is defined
by:
PS(G)=
r⋃
i=1
{[piξγi ,νγi ] | (ξγi , νγi ) ∈ (M̂γi )d × a∗γi,0}.(4.25)
5. Diagonalization of pi∗l
In this section, r will denote the number of conjugacy classes of θ0-stable Cartan subalgebras
of g0 defined by (4.11).
First denote by B = L⊗R the biregular representation of G on L2(G) given by:
B(g1, g2)(F )(g)= (L(g1) ◦R(g2) ◦F)(g)= F(g−11 gg2)
∀(g, g1, g2) ∈G×G×G ∀F ∈L2(G).(5.1)
Then the decomposition of L2(G) under B is given by [10]:
L2(G)'
r∑
i=1
∑
ξγi∈(M̂γi )d
⊕̂∫
a∗γi ,0
(Hξγi ,νγi ⊗̂H∗ξγi ,νγj )ci(ξγi , νγi )dνγi ,(5.2)
where, for each integer i in {1; . . . ; r}, dνγi is a Lebesgue measure on a∗γi,0 and ci(ξγi , νγi ) is a
continuous function of polynomial growth on (M̂γi )d × a∗γi,0 defined in [11].
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In particular, from (3.11) and (5.2), we have the following decomposition of L2(G,σ ∗l ) under
the action B ⊗ 1 of G:
L2(G)⊗ V∗l '
r∑
i=1
∑
ξγi∈(M̂γi )d
⊕̂∫
a∗γi ,0
Hξγi ,νγi ⊗̂H∗ξγi ,νγi ⊗ V
∗
l ci(ξγi , νγi )dνγi ,(5.3)
so
L2(G,σ ∗l )'
r∑
i=1
∑
ξγi∈(M̂γi )d
⊕̂∫
a∗γi ,0
Hξγi ,νγi ⊗̂
(H∗ξγi ,νγi ⊗ V∗l )Kci(ξγi , νγi )dνγi .(5.4)
The corresponding decomposition of the unitary representation pi∗l of G is:
pi∗l '
r∑
i=1
∑
ξγi∈(M̂γi )d
⊕̂∫
a∗γi ,0
piξγi ,νγi ⊗̂1(H∗ξγi ,νγi ⊗V∗l )K ci(ξγi , νγi )dνγi .(5.5)
where 1(H∗ξγi ,νγi ⊗V
∗
l )
K denotes the trivial representation of (H∗ξ,ν ⊗ V∗l )K .
Next, as a K-module, the restriction (piξγi ,νγi )|K of piξγi ,νγi to K is independant of νγi . Indeed,
the restriction toK is an isometry ofHξγi ,νγi onto theK-moduleHξγi defined as the completion,
relatively to the norm (4.18), of the complex vector space C∞(K, ξγi ) of smooth Vξγi -valued
functions f on K satisfying:
f (km)= ξγi (m)−1f (k) ∀(k,m) ∈K ×M.(5.6)
In other words, using the Frobenius reciprocity theorem (see (8.9), p. 207 of [12]), we have
as K-modules:
(piξγi ,νγi )|K =
(
IndGQγi ξγi ⊗ iνγi ⊗ 1
)
|K ' Ind
K
Mγi∩K(ξγi )|M∩K ,(5.7)
so that the restriction of piξγi ,νγi to K does not depend on νγi . On the other hand, the complex
vector spaces (H∗ξγi ,νγi ⊗ V
∗
l )
K and HomK(Hξγi ,V∗l ) are isomorphic as K-modules. Hence, the
decomposition (5.4) above can be rewritten as follows:
L2
(
G,σ ∗l
)' r∑
i=1
∑
ξγi∈(M̂γi )d
∫
a∗γi ,0
Hξγi ,νγi ⊗̂HomK
(Hξγi ,V∗l )ci(ξγi , νγi )dνγi .(5.8)
It turns out that the only representations piξγi ,νγi of the principal series of G appearing in the
decomposition (5.5) of pi∗l are those satisfying:
HomK
(Hξγi ,V∗l ) 6= {0}.(5.9)
Define, for all i = 1; . . . ; r , the subset Ĝ(σ ∗l , i) of PS(G) and the subset M̂γi (σ ∗l ) of (M̂γi )d as
follows:
Ĝ(σ ∗l , i)=
{[piξγi ,νγi ] ∈ PS(G) |HomK(Hξγi ,V∗l ) 6= {0}}(5.10)
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and
M̂γi
(
σ ∗l
)= {[λ] ∈ (M̂γi )d |HomM∩K(Vλ,V∗l ) 6= {0}}.(5.11)
Then, from the Frobenius reciprocity theorem (see (8.9), p. 207 of [12]), we have:
∀i ∈ [1; r] ∀piξγi ,νγi ∈ PS(G), piξγi ,νγi ∈ Ĝ
(
σ ∗l , i
)⇔ ξγi ∈ M̂γi (σ ∗l ),(5.12)
such that the decomposition (5.5) of pi∗l can be rewritten as:
pi∗l '
r∑
i=1
∑
ξγi∈M̂γi (σ ∗l )
⊕̂∫
a∗γi ,0
piξγi ,νγi ⊗̂1(H∗ξγi ,νγi⊗V∗l )K ci(ξγi , νγi )dνγi .(5.13)
Note that when G is complex, any element in the generalized principal series PS(G) of G is
irreducible [17], but it is no longer true whenG is real. However, it is known [5] that any element
piξγ ,νγ in theQγ -principal series can be decomposed into a finite sum of irreducible components.
Precisely, we have:
∀γ ∈Pcusp
(
Π(a0,g0)
) ∀(ξγ , νγ ) ∈ (M̂γ )d × a∗γ,0 ∃nξγ ,νγ ∈N∗,
piξγ ,νγ =
⊕̂nξγ ,νγ
j=1 pi
j
ξγ ,νγ
,
(5.14)
where pijξγ ,νγ is a unitary irreducible representation of G in a Hilbert quotientH
j
ξγ ,νγ
of Hξγ ,νγ .
Moreover, a bound for the integer nξγ ,νγ is given by [5]:
nξγ ,νγ 6 ]
({w ∈Wγ |w · ξγ ⊗w · νγ ' ξγ ⊗ νγ }).(5.15)
6. The action of the Casimir operator of G on L2(G,σ ∗l )
∞
First we recall the definition of an infinitesimal character (see §6 of Chapter VIII in [12]).
6.1. Infinitesimal characters
Let h be a Cartan subalgebra of g. We view the elements of the symmetric algebra S(h) of h
(which coincides with the envelopping algebra U(h) of h since h is commutative) as polynomial
functions on the vector dual h∗ of h. Let jh :S(h)→ S(h) be the map defined by:
jh(f )(λ)= f (λ− ρ) ∀f ∈ S(h) ∀λ ∈ h∗.(6.1)
If we denote by Z(g) the center of the envelopping algebra U(g) of g, we let ph be the projection
ofZ(g) onto S(h). The Harish-Chandra homomorphism is the map γh fromZ(g) into S(h) given
by:
γh = jh ◦ ph.(6.2)
It is well known (see (8.32), p. 224 of [12]) that any homomorphism from Z(g) to C is of the
form:
λ ◦ γh for some λ ∈ h∗.(6.3)
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Moreover, we have:
∀(λ1, λ2) ∈ h∗ × h∗, λ1 ◦ γh = λ2 ◦ γh⇔ λ1 =W · λ2,(6.4)
where W denotes the Weyl group associated to the roots of g relatively to h.
On the other hand, let pi be a unitary irreducible representation of G in a Hilbert space Vpi and
denote by V∞pi the subspace of smooth vectors of pi in Vpi . The Lie algebra g0 of G acts on V∞pi
in the following way:
X · f = d
dt
pi
(
exp(tX)
)
(f ) ∀X ∈ g0 ∀f ∈ V∞pi .(6.5)
This action can be naturally extended to an action pi∞ of the envelopping algebra U(g) of g.
Moreover, if V Kpi denotes the subspace of K-finite vectors of pi then it is known (see §6 of
Chapter VIII in [12]) that:
(i) V Kpi ⊂ V∞pi ,
(ii) V Kpi is a dense subspace of Vpi ,
(iii) the center Z(g) of U(g) acts by scalars on VKpi through pi∞.
Finally, the infinitesimal character of pi is the homomorphism char(pi) :Z(g)→C given by:
char(pi)(Z)= pi∞(Z) ∀Z ∈Z(g).(6.6)
And, from (6.3), char(pi) is of the form λ ◦ γh for some λ in h∗. We shall abuse the notation and
say that λ is the infinitesimal character of pi .
More generally, a U(g)-module V is said to be quasisimple if Z(g) acts by scalars on V . The
point is that, for all i in {1; . . .; r}, any element piξγi ,νγi , of the Qγi -pricipal series (4.20) of G,
is such that H∞ξγi ,νγi is quasisimple (Proposition 8.23 of [12]). So it makes sense to speak about
infinitesimal character of piξγi ,νγi , even if piξγi ,νγi is not irreducible. Let hγi,0 the θ0-stable Cartan
subalgebra of g0 compatible with Qγi defined by (4.11). The complexification hγi = tγi ⊕ aγi of
hγi,0 is a θ -stable Cartan subalgebra of g. Moreover, since we have:
h∗γi = t∗γi ⊕ a∗γi ,(6.7)
we can extend naturally any element λ of a∗γi (resp. t∗γi ) to h∗γi by saying that λ|tγi = 0 (resp.
λ|aγi = 0). Then the infinitesimal character of piξγi ,νγi is given by (Proposition 8.22 of [12]):
char(piξγi ,νγi )= char(ξγi )+ iνγi .(6.8)
6.2. The action of the Casimir operator of G on L2(G,σ ∗l )
∞
Let S(g) be the symmetric algebra of g and sym :S(g)→ U(g) denotes the usual symmetrisa-
tion map. The adjoint action Ad (resp. ad) and coadjoint action Ad∗ (resp. ad∗) of G (resp. g0)
extend naturally to S(g) and U(g). Let PΩ be the Casimir polynomial of g defined by:
PΩ(X)= Bg(X,X) ∀X ∈ g.(6.9)
Since g is semisimple and Bg is G-invariant, PΩ is a non-zero G-invariant polynomial on g,
which is homogeneous of degree 2. The Casimir operator of g is then defined by (Proposition 8.6
of [12]):
Ω = sym(PΩ).(6.10)
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Observing that:
sym ◦ ad(X)= ad(X) ◦ sym ∀X ∈ g,(6.11)
it turns out that Ω belongs to the center Z(g) of U(g). In particular, if r denote the number of
conjugacy classes of θ0-stable Cartan subalgebras of g0 defined by (4.11), then for all integer i
in [1; r], Ω acts by ascalar on the space H∞ξγi ,νγi of smooth vectors of the Qγi -principal series
representation piξγi ,νγi . So there exists a complex number ωξγi ,νγi such that:
Ω(F)= ωξγi ,νγi F ∀F ∈H∞ξγi ,νγi .(6.12)
From (6.3) and (6.8), we obtain that:
ωξγi ,νγi = char(piξγi ,νγi )(Ω)=
((
char(ξγi )+ iνγi
) ◦ γh)(Ω).(6.13)
Thus, from (6.12) and from the decomposition (5.13) of pi∗l , we see that the action of the
Casimir operator Ω on the smooth vectors of pi∗l is diagonal. Actually, the action of Ω on the
smooth vectors of each irreducible components piξγi ,νγi ⊗ 1(H∗ξγi ,νγi⊗V∗l )K of pi
∗
l is scalar:
Ωf = ωξγi ,νγi f ∀f ∈
(Hξγi ,νγi ⊗̂ (H∗ξγi ,νγi ⊗ V∗l )K)∞,(6.14)
where ωξγi ,νγi is defined by (6.13). The interest of the diagonalization (5.13) of pi∗l is that, under
the associated Fourier transform, the operator Ω goes over into multiplication by ωξγi ,νγi . So, it
is natural to look more closely to the Fourier transform on L2(G,σ ∗l ).
7. The Fourier transform on L2(G,σ ∗l )
In this section, r will denote the number of conjugacy classes of θ0-stable Cartan subalgebras
of g0 defined by (4.11).
First, recall from (2.6) that the unitary representation σ ∗l is a finite sum
⊕ql
j=1 σ
∗j
l of
irreducible representations σ ∗jl in a d
j
l -dimensional subspace V∗jl of V∗l , and prj is the natural
projection (2.7) from V∗l onto V∗jl . If f is an element of C∞c (G,σ ∗l ), we will denote by f j the
V∗jl -component prj ◦ f of f , so that:
f =
ql∑
j=1
f j =
ql∑
j=1
prj ◦ f.(7.1)
Hence to define the Fourier transform of f , it suffices to define the Fourier transform of each
V∗jl -component f j of f . Namely, fix an integer i in {1; . . . ; r} and an integer j in {1; . . . ;ql}.
For each element piξγi ,νγi of the Qγi -principal series of G, we define the linear operator:
piξγi ,νγi
(
f j
)
:Hξγi ,νγi →Hξγi ,νγi ⊗ V
∗j
l(7.2)
φ 7→
∫
G
piξγi ,νγi (g)(φ)⊗ f j (g)dg.
Let 〈 , 〉Hξγi ,νγi be the scalar product compatible with the norm (4.18) on Hξγi ,νγi . We define the
following map:
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〈 , 〉′Hξγi ,νγi :
(Hξγi ,νγi ⊗ V∗jl )×Hξγi ,νγi → V∗jl
(φ ⊗ v,ψ) 7→ 〈φ,ψ〉Hξγi ,νγi v.
(7.3)
We have, for all k in K and (φ,ψ) in Hξγi ,νγi ×Hξγi ,νγi :
〈
piξγi ,νγi
(
f j
) ◦ piξγi ,νγi (k)(φ),ψ 〉′Hξγi ,νγi =
〈∫
G
piξγi ,νγi (gk)(φ)⊗ f j (g)dg,ψ
〉′
Hξγi ,νγi
=
〈∫
G
piξγi ,νγi (g)(φ)⊗ f j
(
gk−1
)
dg,ψ
〉′
Hξγi ,νγi
=
〈∫
G
piξγi ,νγi (g)(φ)⊗ σ
∗j
l
(
f j (g)
)
dg,ψ
〉′
Hξγi ,νγi
=
∫
G
〈
piξγi ,νγi (g)(φ),ψ
〉
Hξγi ,νγi
σ
∗j
l
(
f j (g)
)
dg.
(7.4)
This means that, for all ψ in Hξγi ,νγi , the map:
Hξγi ,νγi → V
∗j
l
φ 7→ 〈piξγi ,νγi (f j )(φ),ψ〉′Hξγi ,νγi
(7.5)
is a K-homomorphism. Then, if {ρs} is an orthonormal basis of Hξγi ,νγi relatively to the scalar
product 〈 , 〉Hξγi ,νγi , we define the Fourier transform of f
j as the map:
M̂γi
(
σ
∗j
l
)× a∗γi,0 → Hξγi ,νγi ⊗HomK(Hξγi ,νγi ,V∗jl )
(ξγi , νγi ) 7→ f̂ j (ξγi , νγi )=
∑
s
ρs ⊗
〈
piξγi ,νγi
(
f j
)
, ρs
〉′
Hξγi ,νγi
.
(7.6)
Moreover, the inverse Fourier formula is:
f j (g) =
r∑
i=1
1
|Wγi |
1
d
j
l
∑
ξγi∈M̂γi (σ ∗l )
∫
a∗γi ,0
Φ
l,j
ξγi
(
piξγi ,νγi
(
g−1
)⊗ 1HomK(Hξγi ,νγi ,V∗jl )
× (f̂ j (ξγi , νγi )))ci(ξγi , νγi )dνγi ,
(7.7)
where |Wγi | is the order of the Weyl group Wγi of G defined by (4.21), and Φl,jξγi be the
contraction map defined by:
Φ
l,j
ξγi
:Hξγi ⊗̂HomK
(Hξγi ,V∗jl ) → V∗jl ,
φ ⊗ ζ 7→ ζ(φ).
(7.8)
126 N. LOHOUE, S. MEHDI / J. Math. Pures Appl. 79 (2000) 111–140
Indeed, let {ej1; . . . ; ejdjl } be an orthonormal basis of V
∗j
l relatively to the K-invariant scalar
product 〈 , 〉V∗jl on V
∗j
l defined by (3.2), so that we have:
f j (g)=
d
j
l∑
k=1
f
j
k (g)e
j
k ,(7.9)
where f jk is the complex-valued function on G defined by:
f
j
k (g)=
〈
f j (g), e
j
k
〉
V∗jl
∀g ∈G.(7.10)
Now, if we replace f̂ j (ξγ , νγ ) by (7.6), in the right-hand side of (7.7), we obtain successively:
r∑
i=1
1
|Wγi |
1
d
j
l
∑
ξγi∈M̂γi (σ ∗jl )
∫
a∗γi ,0
Φ
l,j
ξγi
(
piξγi ,νγi
(
g−1
)⊗ 1HomK(Hξγi ,νγi ,V∗jl )
× (f̂ j (ξγi , νγi )))ci(ξγi , νγi )dνγi
=
r∑
i=1
1
|Wγi |
1
d
j
l
∑
ξγi∈M̂γi (σ ∗jl )
∫
a∗γi ,0
∑
s
〈
piξγi ,νγi
(
f j
)(
piξγi ,νγi
(
g−1
)
(ρs)
)
, ρs
〉′
Hξγi ,νγi
× ci(ξγi , νγi )dνγi
=
r∑
i=1
1
|Wγi |
1
d
j
l
∑
ξγi∈M̂γi (σ ∗jl )
∫
a∗
γi ,0
∑
s
∫
G
〈
piξγi ,νγi
(
g′g−1
)
(ρs)⊗ f j (g′), ρs
〉′
Hξγi ,νγi
× dg′ci(ξγi , νγi )dνγi
=
r∑
i=1
1
|Wγi |
1
d
j
l
∑
ξγi∈M̂γi (σ ∗jl )
∫
a∗γi ,0
∑
s
∫
G
〈
piξγi ,νγi
(
g′g−1
)
(ρs), ρs
〉′
Hξγi ,νγi
× f j (g′)dg′ci(ξγi , νγi )dνγi
=
r∑
i=1
1
|Wγi |
1
d
j
l
∑
ξγi∈M̂γi (σ ∗jl )
∫
a∗γi ,0
d
j
l∑
k=1
∑
s
∫
G
〈
piξ,ν
(
g′g−1
)
(ρs), ρs
〉
Hξγi ,νγi
× f jk (g′)ejk dg′ci(ξγi , νγi )dνγi
=
r∑
i=1
1
|Wγi |
1
d
j
l
∑
ξγi∈M̂γi (σ ∗jl )
∫
a∗γi ,0
d
j
l∑
k=1
Tr
(
piξγi ,νγi (g) ◦ piξγi ,νγi
(
f
j
k
))
e
j
k ci(ξγi , νγi )dνγi
=
d
j
l∑
k=1
f
j
k (g)e
j
k
= f j (g),
(7.11)
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where we used the inverse Fourier transform of f̂ jk given by (p. 95 of [19]):
f
j
k (g)=
r∑
i=1
1
|Wγi |
∑
ξγi∈M̂γi (σ ∗jl )
∫
a∗
γi ,0
Tr
(
piξγi ,νγi (g) ◦ piξγi ,νγi
(
f
j
k
))
ci(ξγi , νγi )dνγi .(7.12)
Finally, from (7.1), the Fourier transform of f is given by:
f̂ =
ql∑
j=1
f̂ j .(7.13)
In the same way, the inverse Fourier transform of f̂ follows from (7.7) and (7.9). In the sequel, it
will be useful to rewrite the Fourier transform and inverse Fourier transform formulas (7.6)–(7.7)
in term of End(V∗l )-valued σ ∗l -spherical functions on G, whose definition is recalled now.
7.1. Fourier transform and End(V∗l )-valued σ ∗l -spherical functions on G
For all integer j in {1; . . .;ql}, the multiplicity m(ξγi , σ ∗jl |Mγi ) of ξ in the restriction of
σ
∗j
l to Mγi is exactly the dimension of the complex vector space HomK(Hξγi ,V
∗j
l ). Let
{P l,jξγi ,1; . . . ;P
j
ξγi ,m(ξγi ,σ
∗j
l |Mγi )
} be an orthonormal basis of HomK(Hξγi ,V
∗j
l ) relatively to the
scalar product:
〈A,B〉HomK(Hξγi ,V∗jl ) =
1
d
j
l
tr(A∗B),
∀(A,B) ∈HomK
(Hξγi ,V∗jl )×HomK(Hξγi ,V∗jl ),
(7.14)
where A∗ is the adjoint of A. Then, under the notation of (7.3), we have:
〈
piξγi ,νγi
(
f j
)
, ρi
〉′
Hξγi ,νγi
=
m(ξγi ,σ
∗j
l |M)∑
k=1
a
j
kP
l,j
ξγi ,k
,(7.15)
where the coefficients ajk are complex numbers defined by:
a
j
k =
〈〈
piξγi ,νγi
(
f j
)
, ρi
〉′
Hξγi ,νγi
, P
l,j
ξ,k
〉
HomK(Hξγi ,V
∗j
l )
∀k ∈ {1; . . .;m(ξγi , σ ∗jl |Mγi )}.(7.16)
Let us compute these ak more explicitely. From (7.2) and (7.4), we have:
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ak = 1
d
j
l
d
j
l∑
p=1
∫
G
〈〈
piξγi ,νγi (g) ◦ P
l,j∗
ξγi ,k
(
e
j
p
)
, ρi
〉
Hξγi ,νγi
f j (g), e
j
p
〉
V∗l dg
= 1
d
j
l
d
j
l∑
p=1
∫
G
〈
piξγi ,νγi (g) ◦ P
l,j∗
ξγi ,k
(
e
j
p
)
, ρi
〉
Hξγi ,νγi
〈
f j (g), e
j
p
〉
V∗l dg
= 1
d
j
l
d
j
l∑
p=1
∫
G
〈
P
l,j
ξγi ,k
◦ piξ,ν
(
g−1
)
(ρi), e
j
p
〉
V∗l
〈
f j (g), e
j
p
〉
V∗l dg
= 1
d
j
l
∫
G
〈
P
l,j
ξγi ,k
◦ piξγi ,νγi
(
g−1
)
(ρi), f
j (g)
〉
V∗l dg
= 1
d
j
l
∫
G
〈
P
l,j
ξγi ,k
◦ piξγi ,νγi
(
g−1
)
(ρi), f
j (g)
〉
V∗l dg
= 1
d
j
l
∫
G
〈
piξγi ,νγi (g) ◦ P
l,j∗
ξγi ,k
(
f j (g)
)
, ρi
〉
Hξγi ,νγi
dg.
(7.17)
Then we get from (7.6):
f̂ j (ξγi , νγi )=
∑
i
ρi ⊗
(m(ξγi ,σ ∗jl |Mγi )∑
k=1
a
j
kP
l,j
ξγi ,k
)
(7.18)
or
f̂ j (ξγi , νγi )=
1
d
j
l
∑
i
∫
G
m(ξγi ,σ
∗j
l |M)∑
k=1
〈
piξγi ,νγi (g)◦P
l,j∗
ξγi ,k
(
f j (g)
)
, ρi
〉
Hξγi ,νγi
ρi⊗P l,jξγi ,k dg.(7.19)
Thus, if we put:
P
l,j
ξγi
=
m(ξγi ,σ
∗j
l |Mγi )∑
k=1
P
l,j
ξγi ,k
(7.20)
and
P
l,j∗
ξγi
=
m(ξγi ,σ
∗j
l |M)∑
k=1
P
l,j∗
ξγi ,k
,(7.21)
then, the Fourier transform (7.19) of f j can be written as follows:
f̂ j (ξγi , νγi )=
1
d
j
l
∫
G
piξγi ,νγi (g) ◦ P
l,j∗
ξγi
(
f j (g)
)⊗P l,jξγi dg.(7.22)
Now, let us come back to the inverse Fourier formula (7.7). From (7.20) and (7.21), we have:
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piξγi ,νγi
(
g−1
)⊗ 1HomK(Hξγi ,V∗l )( f̂ j (ξγi , νγi ))
=
∫
G
(
piξγi ,νγi
(
g−1g′
) ◦ P l,j∗ξγi (f j (g′)))⊗P l,jξγi dg′
=
∫
G
(
piξγi ,νγi (g
′) ◦ Pj∗ξγi ,i
(
f j (gg′)
))⊗P l,jξγi dg′.
(7.23)
We define the End(V∗jl )-valued function Ψ l,jξγi on G by:
Ψ
l,j
ξγi
(g)= P l,jξγi ◦ piξγi ,νγi (g) ◦ P
l,j∗
ξγi
∀g ∈G.(7.24)
This function is an End(V∗jl )-valued σ ∗jl -spherical function on G and satisfies the property [6]:
ΩΨ
j
ξ = ωξγi ,νγi Ψ
l,j
ξγi
,(7.25)
where Ω is the Casimir operator of G (6.10) and ωξγi ,νγi is the scalar defined by (6.14). Next,
motivated by (7.23), we define the convolution product of f j and Ψ l,jξγi by:(
Ψ
l,j
ξγi
∗ f j )(g)= ∫
G
Ψ
l,j
ξγi
(
g−1g′
)
f j (g′)dg′.(7.26)
In particular, using the definition (7.8) of the contraction map Φl,jξγi , the inverse Fourier
formula (7.7) can be rewritten as follows:
f j (g)=
r∑
i=1
1
|Wγi |
1
d
j
l
∑
ξγi∈M̂γi (σ ∗jl )
∫
a∗γi ,0
(
Ψ
l,j
ξγi
∗ f j )(g)ci(ξγi , νγi )dνγi .(7.27)
Remark 7.1. – If F is an End(V∗jl )-valued function on G, we define the Fourier transform of
F as the map:
M̂γi
(
σ
∗j
l
)× ia∗γi,0→ End(V∗jl )
(ξγi , νγi ) 7→ F̂ (ξγi , νγi )=
∫
G
Ψ
l,j
ξγi
(g) ◦ F(g)dg.(7.28)
If l = 0, then F is just a complex-valued function on G and the formula (7.28) is exactly the
Fourier transform formula (7.12) of a complex-valued function on G.
8. The fundamental solution of the Heat equation on L2(G,σ ∗l )
In this section, r will denote the number of conjugacy classes of θ0-stable Cartan subalgebras
of g0 defined by (4.11).
Let 1 be the Hodge–de Rham Laplace operator acting on the differential forms on G/K and
denote by 1l its restriction to the differential forms of degree l. Let 1˜l be the unique self-
adjoint extension of 1l to L2(G,σ ∗l ) with domain the Sobolev space H 2(Λ(G/K)). The Heat
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equation on L2(G,σ ∗l ) is the problem of determining, for all element ψ in L2(G,σ ∗l ), the family
{φt | t ∈R∗+} of elements φt in L2(G,σ ∗l ) which are solutions of the differential system:{
1˜lφt = ∂∂t φt ,
limt→0 φt = ψ.
(8.1)
The operator 1˜l acts on (Hξγi ,νγi ⊗̂ (H∗ξγi ,νγi ⊗ V
∗
l )
K)∞ by the scalar ωξγi ,νγi , exactly as the
Casimir operatorΩ of G acts on (Hξγi ,νγi ⊗̂ (H∗ξγi ,νγi ⊗ V
∗
l )
K)∞:
1˜lf = ωξγi ,νγi f ∀f ∈
(Hξγi ,νγi ⊗̂ (H∗ξγi ,νγi ⊗ V∗l )K)∞,(8.2)
where ωξγi ,νγi is the scalar defined by (6.14). Moreover 1˜l is a non-positive operator on
L2(G,σ ∗l ) such that:
ωξγi ,νγi 6 0 ∀i ∈ {1; . . .; r}.(8.3)
Thus, motivated by (8.2), we use the decomposition (5.13) of pi∗l to see that under the associated
Fourier transform the operator 1˜l goes over into multiplication by ωξ,ν . So it is natural to look
at the Fourier version of the Heat equation.
As usual, we shall denote byHlt the heat kernel et 1˜l on l-forms ofG/K . From (6.14) and (8.3),
it is clear that, for each positive real number t, H lt is a bounded operator of L2(G,σ ∗l ) which
commutes with the unitary representation pi∗l of G in L2(G,σ ∗l ). Actually, it is known (pp. 158
and 159 of [1]) that Hlt is a smoothing pseudo-differential operator which is of the form:
(
Hlt f
)
(g)=
∫
G
hlt
(
g−1g′
)
f (g′)dg′ ∀g ∈G ∀f ∈ L2(G,σ ∗l ),(8.4)
where hlt :G → End(V∗l ) is an End(V∗l )-valued smooth and square integrable map on G,
satisfying the covariance property of a σ ∗l -spherical End(V∗l )-valued on G:
hlt (k1gk2)= σ ∗l
(
k−11
)
hlt (g)σ
∗
l
(
k−12
) ∀(g, k1, k2) ∈G×K ×K.(8.5)
We turn now to the explicit computation of hlt . Motivated by the inverse Fourier transform
formula (7.27), we define, for all positive real number t , the End(V∗jl )-valued function hl,jt on
G by:
h
l,j
t (g)=
r∑
i=1
1
|Wγi |
1
d
j
l
∑
ξγi∈M̂γi (σ ∗jl )
∫
a∗γi ,0
e
tωξγi ,νγi Ψ
l,j
ξγi
(g)ci(ξγi , νγi )dνγi .(8.6)
We have:
LEMMA 8.1. – Let G be a connected non-compact semisimple real Lie group and K a
maximal compact subgroup of G. Let r be the number of conjugacy classes of θ0-stable Cartan
subalgebras of g0 defined by (4.11). Let l be an integer in {0; . . . ;dimR(G/K)}. Fix an integer
j in {1; . . .;ql} and an integer i in {1; . . . ; r}. For each positive real number t , let hl,jt be the
End(V∗jl )-valued function on G defined by (8.6). Then hl,jt has the following properties:
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1˜lh
l,j
t =
∂
∂t
h
l,j
t ,(8.7)
ĥ
l,j
t (ξγi , νγi )= etωξγi ,νγi IdV∗jl ,(8.8)
h
l,j
t ∗ hjs = hjt+s ∀s ∈R∗+.(8.9)
Proof. – It is clear that we can differentiate relatively to t and g under the integral in (8.6), so
that, using (7.25), we have for all g in G:(
1˜lh
l,j
t
)
(g) = 1|W |
1
d
j
l
∑
ξγi∈M̂(σ ∗jl )
∫
a∗0
e
tωξγi ,νγi
(
1˜lΨ
l,j
ξγi
)
(g)ci(ξγi , νγi )dνγi
= 1|W |
1
d
j
l
∑
ξγi∈M̂(σ ∗jl )
∫
a∗0
ωξγi ,νγi e
tωξγi ,νγi Ψ
j
ξ (g)ci(ξγi , νγi )dνγi
= ∂
∂t
h
l,j
t (g).
(8.10)
Next, under Fourier transform, the identity (8.7) becomes:
ωξ,ν ĥ
l,j
t (ξ, ν)=
∂
∂t
ĥ
l,j
t (ξ, ν)(8.11)
so that we obtain (8.8). Finally, for all positive real s, we have:
̂
h
l,j
t ∗ hl,js = ĥ l,jt ĥ l,js = etωξ,ν esωξ,ν = e(t+s)ωξ,ν = ĥjt+s .(8.12)
The result (8.9) follows from the fact that the map (7.6) is an isomorphism. 2
Thus the heat kernel hlt on l-forms of G/K is defined by:
hlt (g)=
ql∑
j=1
h
l,j
t ◦ prj ∀g ∈G,(8.13)
where hl,jt is given by (8.6). One can view hl,jt as the End(V∗jl )-component of the heat kernel hlt .
In particular, Lemma 8.1 shows that hlt is the fundamental solution of the Heat equation (8.1).
More precisely, we have:
PROPOSITION 8.2. – Let G be a connected non-compact semisimple real Lie group and K a
maximal compact subgroup of G. Let l be an integer in {0; . . .;dimR(G/K)}. For each positive
real number t , let hlt be the End(V∗l )-valued function on G defined by (8.13). Then, for all ψ
in L2(G,σ ∗l ), the family {φt = hlt ∗ ψ | t ∈ R∗+} of differential forms of degree l on G/K is a
solution of the Heat equation (8.1) on L2(G,σ ∗l ).
Proof. – Fix an integer j in [1;ql] and consider the End(V∗jl )-component hl,jt of hlt defined
by (8.6). If we denote by φjt (resp. ψjt ) the V∗jl -component prj ◦ φt (resp. prj ◦ψt ) of φt (resp.
ψt ), then using the Fourier transform (7.22), we see that:
φ̂
j
t = ψ̂j = ĥ l,jt = ψ̂j etωξγi ,νγi(8.14)
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is a solution of the Fourier version of the Heat equation (8.1):
∀i ∈ {1; . . .; r}
{
ωξγi ,νγi φ̂
j
t (ξγi , νγi )= ∂∂t φ̂jt (ξγi , νγi ),
limt→0 φ̂jt (ξγi , νγi )= φ̂jt (ξγi , νγi ),
(8.15)
where r is the number of conjugacy classes of θ0-stable Cartan subalgebras of g0 defined
by (4.11). Thus, using the inverse Fourier formula (7.27), together with (8.8), we obtain that
φ
j
t = hl,jt ∗ψj . The conclusion comes from the fact that:
h
l,j
t ∗ψj = prj ◦
(
hlt ∗◦ψ
) ∀j = 1; . . . ;ql. 2(8.16)
Now, before we turn to the computation of the Novikov–Shubin invariants, it will be useful to
consider (g,K)-cohomology with coefficients in the generalized principal series of G.
9. (g,K)-cohomology with coefficients in PS(G)
In this section, r will denote the number of conjugacy classes of θ0-stable Cartan subalgebras
of g0 defined by (4.11).
Fix three integers l in {0; . . . ;dimR(G/K)}, i in {1; . . .; r} and j in {1; . . .;ql}. For each
element piξγi ,νγi of the Qγi -principal series (4.20) of G, we define the vector space:
Cl(g,Hξγi ,νγi )=HomC
(
Λlg,Hξγi ,νγi
) ∀l ∈ {0; . . .;dimR(G/K)}.(9.1)
Now consider the maps:
dl :Cl(g,Hξγi ,νγi ) → Cl+1(g,Hξγi ,νγi )
w 7→ dw
(9.2)
and, for each X in g:
iX :Cl(g,Hξγi ,νγi ) → Cl−1(g,Hξγi ,νγi )
w 7→ iXw
(9.3)
such that
(dlω)(X0, . . . ,Xl) =
∑
s
(−1)spiξγi ,νγi (Xs)
(
ω(X0, . . . , X̂s , . . . ,Xl)
)
+
∑
s<t
(−1)s+tω([Xs,Xt ],X0, . . . , X̂s, . . . , X̂t , . . . ,Xl),(9.4)
wherêover an argument means that the argument is ommited, and
(iXω)(X1, . . . ,Xl−1)= ω(X,X1, . . . ,Xl−1).(9.5)
Then put
µX = dl ◦ iX + iX ◦ dl ∀X ∈ g(9.6)
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so that ((5), p. 12 of [4]):
(µXω)(X1, . . . ,Xl)=
∑
s
ω
(
X1, . . . , [Xi,X], . . . ,Xl
)+ piξγi ,νγi (X)(f (X1, . . . ,Xl)).(9.7)
Let C l(g, k,Hξγi ,νγi ) be the vector subspace of Cl(g,Hξγi ,νγi ) defined by:
C l (g, k,Hξγi ,νγi )=
{
ω ∈ Cl(g,Hξγi ,νγi ) | µXω= iXω= 0 ∀X ∈ k
}
.(9.8)
Next as in Section 2, denote by σl the action ΛlAd|K of K on Vl = Λlp, where Ad is the
adjoint action of G. Using the Killing form Bg of g, define the map:
β :g → g∗
w 7→ Bg(w, ·).
(9.9)
Then β is an isomorphism, intertwining the adjoint and coadjoint actions Ad and Ad∗ of G:(
Λlβ
) ◦Ad(g)=Ad∗(g) ◦ (Λlβ) ∀g ∈G.(9.10)
Thus σ ∗l and σl are isomorphic as unitary representations of K:
σ ∗l (k) ◦
(
Λlβ
)= (Λlβ) ◦ σl(k) ∀k ∈K.(9.11)
In particular, if we let k act on Vl by the differential of σl , then it is clear that we have:
C l (g, k,Hξγi ,νγi )=Homk(Vl,Hξγi ,νγi ).(9.12)
Moreover, as in (5.6)–(5.7), the restriction to K of the unitary representation piξγi ,νγi =
IndMγi Aγi Nγi onHξγi ,νγi is the unitary induced representation IndKMγi∩K(ξγi )|M∩K on the Hilbert
space Hξγi . So we have the isomorphism of Mγi ∩K-modules:
HomK
(Hξγi ,νγi ,V∗l )'HomMγi∩K(Hξγi ,V∗l ).(9.13)
Therefore the relation between C l (g, k,Hξγi ,νγi ) and the set M̂γi (σ ∗l ) defined by (5.11) is:
M̂γi (σ
∗
l )=
{[ξγi ] ∈ (M̂γi )d | Cl(g, k,Hξγi ,νγi ) 6= {0}}.(9.14)
On the other hand, from (9.8), one has:
ω ∈ C l(g, k,Hξγi ,νγi )⇒ dlω ∈ Cl+1(g, k,Hξγi ,νγi )(9.15)
and
∀ω ∈ C l (g, k,Hξγi ,νγi ), d2l ω = 0.(9.16)
We shall denote by Hl(g, k,Hξγi ,νγi ) the corresponding cohomology group:
Hl(g, k,Hξγi ,νγi )=
(
Ker(dl)|Cl (g,k,Hξγi ,νγi )
)/(
Im(dl−1)|Cl−1(g,k,Hξγi ,νγi )
)(9.17)
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called the relative cohomology group. There is a natural scalar product 〈 , 〉 on Cl(g, k,Hξγi ,νγi )
defined as follows [4]. Let {W1; . . . ;Wn} be an orthonormal basis of p relatively to the restriction
to p of the Killing form Bg of g. Any element η of Cl (g, k,Hξγi ,νγi ) can be written as:
η=
∑
I, |I |=l
ηIW
I ,(9.18)
whereW =Wj1∧· · ·∧Wjl if I = {j1; . . . ; jl} ⊂ {1; . . .;n}, and ηI = ηj1;...;jl = η(Wj1 ; . . . ;Wjl )∈Hξγi ,νγi . Then the scalar product 〈 , 〉 is defined by:
〈η,η′〉 =
∑
I
〈ηI , η′I 〉Hξγi ,νγi .(9.19)
Now, let d∗l be the adjoint of dl , relatively to the scalar product 〈 , 〉 on Cl(g, k,Hξγi ,νγi ):
〈dlη, ζ 〉 =
〈
η,d∗l ζ
〉 ∀(η, ζ ) ∈ Cl (g, k,Hξγi ,νγi )× Cl−1(g, k,Hξγi ,νγi ).(9.20)
The Laplace operator on C l(g, k,Hξγi ,νγi ) is defined by:
Dl =−
(
dl ◦ d∗l + d∗l ◦ dl
)
.(9.21)
An important fact is the Kuga’s formula (Theorem 2.5, p. 49 of [4]), which asserts that the action
of Dl on Cl(g, k,Hξγi ,νγi ) is given by the action of the Casimir operator Ω of G onHξγi ,νγi :
(Dlη)I =Ω(ηI )= pi∞ξγi ,νγi (Ω)= ωξγi ,νγi ηI .(9.22)
In the sequel, it will be important to known when ωξγi ,νγi is 0 (recall (8.3) that ωξγi ,νγi is
non-positive).
10. Vanishing lemmas for the action of the Casimir operator of G on L2(G,σ ∗l )
∞
In this section, r will denote the number of conjugacy classes of θ0-stable Cartan subalgebras
of g0 defined by (4.11).
First, since the restriction of Bg to hγi is non-degenerate, for each β ∈ h∗γi there is a unique
element Hβ of hγi such that:
Bg(Hβ,H)= β(H) ∀H ∈ hγi ,(10.1)
and, conversely, for all Y in hγi , we shall denote by βY the unique element of h∗γi such that:
βY (H)= Bg(Y,H) ∀H ∈ hγi .(10.2)
Moreover, we put:
〈β,λ〉 = Bg(Hβ,Hλ) ∀(β,λ) ∈ h∗γi × h∗γi ,
‖β‖ = 〈β,β〉1/2 ∀β ∈ h∗γi .(10.3)
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Then it is easy to check from (6.8) (Proposition 8.22 of [12]) that:
ωξγi ,νγi =
∥∥char(ξγi )∥∥2 − ‖νγi‖2 − ‖ρhγi ‖2.(10.4)
In particular, from (8.3), we have:∥∥char(ξγi )∥∥2 − ‖νγi‖2 − ‖ρhγi ‖2 6 0 ∀(ξγi , νγi ) ∈ M̂γi (σ ∗l )× a∗γi,0,(10.5)
so that:
νγi 6= 0⇒ ωξγi ,νγi < 0.(10.6)
Thus, to know when ωξγi ,νγi is zero, we can assume that νγi is zero. Before we go further, let us
recall some basic facts on fundamental cuspidal parabolic subgroups.
10.1. Fundamental cuspidal parabolic subgroups of G
Among the conjugacy classes of non-associate cuspidal parabolic subgroups (4.24), one will
be of special interest for us. Let h0 be a θ0-stable Cartan subalgebra of g0. We say that h0
is fundamental or maximally compact if h0 ∩ k0 is a θ0-stable Cartan subalgebra of k0. The
complexification h of h0 is a θ -stable fundamental Cartan subalgebra of g. Let ∆(h,g) be the set
of roots of g relatively to h. Actually, recall that a root in ∆(h,g) is real if its restriction to h∩ k
is non-zero, then it turns out that (Lemma 2.3.5 of [18]):
h0 is fundamental⇔ g does not have real roots relatively to h.(10.7)
After a choice of a lexicographic order on h∗, we let ∆+(h,g) be the set of positive roots of g
relatively to h. Denote by ρh the half sum of positive roots of g relatively to h:
ρh = 12
∑
α∈∆+(h,g)
α.(10.8)
If α is an element of h∗, then we define the element θ(α) of h∗ by:
θ(α)= α ◦ θ−1.(10.9)
From the θ -stability of h, it is clear that ∆(h,g) is θ -stable:
α ∈∆(h,g)⇔ θ(α) ∈∆(h,g).(10.10)
However,∆+(h,g) is not always θ -stable and we easily check from (10.7) that:
∆+(h,g) is θ -stable⇔ θ(ρh)= ρh.(10.11)
Actually, one can easily check that:
∆+(h,g) is θ -stable⇒ h is fundamental.(10.12)
In particular we say that a cuspidal parabolic subgroup Qγi defined by (4.24) is fundamental
if the θ0-stable Cartan subalgebra hγi,0 of g0 defined by (4.11) is fundamental. There is only one
conjugacy class of θ0-stable fundamental Cartan subalgebras in g0 [8].
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10.2. Vanishing lemmas for the action of the Casimir operator of G on L2(G,σ ∗l )
∞
First we have:
LEMMA 10.1. – Let G be a connected non-compact semisimple real Lie group with finite
center and K a maximal compact subgroup of G such that the rank of G is different from the
rank of K . Let Θ be the Cartan involution of G whose set of fixed points is the subgroup K
and θ0 its differential at the neutral element of G. Let r be the number of conjugacy classes
of θ0-stable Cartan subalgebras in g0 and fix an integer i in {1; . . .; r}. Let hγi ,0 be the θ0-
stable Cartan subalgebra of g0 defined by (4.10). Let ρhγi be the half sum of positive roots of
g relatively to hγi . Fix an integer l in {0; . . . ;dimR(G/K)} and consider the subset M̂γi (σ ∗l ) of
(M̂γi )d defined by (5.11). Fix an element ξγi of M̂γi (σ ∗l ). Then, we have:
(i) ‖Char(ξγi )‖2 − ‖ρhγi ‖2 6 0,(ii) ‖Char(ξγi )‖ = ‖ρhγi ‖⇒Qγi is fundamental.
Proof. – Recall (8.2) that the Hodge–Laplace operator acts scalarly on the representation
Hξγi ,νγi of the Qγi -principal series (4.20). Then (i) comes directly from (10.5), taking the
continuous parameter νγi equal to 0. Next let Wγi be the Weyl group of G defined by (4.21).
If ‖char(ξγi )‖ = ‖ρhγi‖, then there exists w in Wγi such that
char(ξγi )=w · ρhγi ,(10.13)
where the action of Wγi on h∗γi is given by (4.22). This forces
char(ξγi ) ∈ t∗γi ,(10.14)
and
θ(ρhγi
)= ρhγi .(10.15)
By (10.11) this is equivalent to say that ∆+(h,g) is θ -stable, and therefore (10.15) implies that
hγi,0 is fundamental. 2
Next, in the notation of (4.11), we shall assume that hγr ,0 is a θ0-stable fundamental Cartan
subalgebra of g0. Then, using the description (9.14) of the set M̂γr (σ ∗l ) in term of (g,K)-
cohomology with coefficient in PS(G), one has:
LEMMA 10.2 (Corollary 3.7 of [3], Theorem B of [2] and Theorem 5.1, p. 101 of [4]). – Let
G be a connected non-compact semisimple real Lie group with finite center and K a maximal
compact subgroup of G such that the rank of G is different from the rank of K . Let Θ be the
Cartan involution of G whose set of fixed points is the subgroup K and θ0 its differential at the
neutral element of G. Fix an integer l in {0; . . . ;dimR(G/K)} and consider the subset M̂γr (σ ∗l )
of (M̂γr )d defined by (5.11). Then, we have:
∃ξγr ∈ M̂γr
(
σ ∗l
)
, ‖Char(ξγr )‖ = ‖ρhγr ‖
⇔ 1
2
(
dimR(G/K)−
(
rank(G)− rank(K)))< l
6 1
2
(
dimR(G/K)+
(
rank(G)− rank(K))).(10.16)
One can find more precise information on the Qγr -principal series representations piξγr ,νγr with
non-zero (g,K)-cohomology in [16] (see Theorem 1.4 of [16]).
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11. The Novikov–Shubin invariants of Γ \G/K
In this section, r will denote the number of conjugacy classes of θ0-stable Cartan subalgebras
of g0 defined by (4.11).
The Novikov–Shubin invariants of any closed oriented topological manifold whose universal
covering is the Riemannian symmetric spaceG/K are related to the asymptotic behaviour, when
t goes to infinity, of the Heat kernel hlt (8.13), on the square integrable differential forms of degree
l on G/K , for each integer l in {0; . . .;dimR(G/K)}. Note that any closed topological manifold
whose universal covering is G/K is of the form Γ \G/K , where Γ is a discrete subgroup of G.
From (1.2), the lth Novikov–Shubin invariant, αl(Γ \G/K), of the locally symmetric manifold
Γ \G/K with finite volume is defined by:
αl(Γ \G/K)= Sup
{
βl ∈R∗+ | TraceΓ
(
et ∆˜l
) t→+∞= O(t−βl/2)}.(11.1)
From the diagonalization (5.13) of the action pi∗l of G on L2(G,σ ∗l ), we have:
Trace
(
hlt (e)
)= ql∑
j=1
r∑
i=1
1
|Wγi |
∑
ξγi∈M̂γi (σ ∗l )
∫
a∗
γi ,0
e
tωξγi ,νγi ci(ξγi , νγi )dνγi ,(11.2)
where ωξγi ,νγi is the scalar defined by (6.13). As we have noticed in the introduction:
rank(G)= rank(K)⇒ αl(Γ \G/K)=+∞ ∀l ∈
{
0; . . . ;dimR(G/K)
}
.(11.3)
Otherwise, we have:
PROPOSITION 11.1. – Let G be a connected non-compact semisimple real Lie group and K
a maximal compact subgroup ofG such that the rank of G is different from the rank of K . Let Γ
be a discrete subgroup of G such that Γ \G/K is a locally symmetric manifold of finite volume
with G/K as universal covering. The Novikov–Shubin invariants αl(Γ \G/K) of Γ \G/K , l an
integer in {0; . . .;dimR(G/K)}, are given by:
(i) If 12 (dimR(G/K)− (rank(G)− rank(K))) < l 6 12 (dimR(G/K)+ rank(G)− rank(K))
then αl(Γ \G/K)= rank(G)− rank(K).
(ii) If l /∈ [ 12 (dimR(G/K) − (rank(G) − rank(K))); 12 (dimR(G/K) + rank(G) − rank(K))]
then αl(Γ \G/K)=+∞.
Proof. – In the notation of (4.11), we shall assume that hγr ,0 is a θ0-stable fundamental Cartan
subalgebra of g0. First, from (4.10), note that:
dimR(hγr ,0)= dimR(tγr ,0)+ dimR(aγr ,0).(11.4)
Since hγr ,0 is a θ0-stable fundamental Cartan subalgebra of g0, we have:
dimR(tγr ,0)= rank(K),(11.5)
so
dimR(aγr ,0)= rank(G)− rank(K).(11.6)
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Moreover, if r is the number of conjugacy classes of θ0-stable Cartan subalgebras of g0 defined
by (4.11), then for all integer i in {1; . . .; r}, we have:∫
a∗γi ,0
e−t‖νγi ‖2 dνγi =
(√
pi
)dimR(a∗γi ,0)t−dimR(a∗γi ,0)/2.(11.7)
Finally, since the functions ci(ξγi , νγi ) defined by (5.2) are continuous functions of polynomial
growth on (M̂γi )d × a∗γi,0, then, using (11.2), the proposition comes from the Lemmas 10.1
and 10.2. 2
12. Some remarks on the complex case
Let G be a connected complex semisimple Lie group and K is a compact real form of G.
We view the Lie algebra g0 (resp. k0) of G (resp. K) as a Lie algebra over R. The Cartan
decomposition of g0 is k0 ⊕ ik0. The group K acts on V∗l = Λlg∗ by σ ∗l as defined by (2.5).
Let a0 be a maximal vector subspace of ik0 and m0 be the centralizer of a0 in k0. It turns out that
m0 = ia0 and h= a= (m0⊕a0)C is a θ -stable Cartan subalgebra of g. As usual, let ∆=∆(h,g)
be the set of the roots of g relatively to h and gα be the one-dimensional complex root space
associated to the root α. The decomposition of g under the adjoint action of h is:
g= h⊕
∑
α∈∆
gα.(12.1)
After a choice of an order on h∗, we let ∆+ be the set of positive roots of g relatively to h, and
let n be the nilpotent subalgebra of g given by:
n=
∑
α∈∆+
gα.(12.2)
Let N (resp. A) be the connected subgroup of G with Lie algebra n (resp. a0). Then the
Iwasawa decomposition of G is:
G=KAN.(12.3)
The Lie algebra m0 of the centralizer M of A in K is ia0. Thus M is Abelian and M̂ can be
naturally identified with the following lattice in a∗0:{
ξ ∈ a∗0 | ξ(H) ∈ 2ipiZ ∀H ∈ ia0 such that eH = e0
}
.(12.4)
The Borel subgroupMAN is a fundamental parabolic cuspidal subgroup ofG. Next, we consider
the unitary character ξ ⊗ iν ⊗ 1 of MAN of G defined by:
ξ ⊗ iν ⊗ 1(eiH1+H2 × n)= eiξ(H1)eiν(H2) ∀(H1,H2, n) ∈ a0× a0 ×N,(12.5)
and we form the unitary induced representation piξ,ν ofG inHξ,ν as in (4.20). An important fact
is that piξ,ν is irreducible [17]. The principal series PS(G) of G is defined by:
PS(G)= {[piξ,ν] | (ξ, ν) ∈ M̂ × a∗0}.(12.6)
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If (ξ, ν) ∈ M̂ × a∗0, then [19]:
c(ξ, ν)=Πα∈∆+
∣∣∣∣ 〈ξ,α〉 + 〈ν,α〉〈ρ,α〉
∣∣∣∣2,(12.7)
where ρ = 12
∑
α∈∆+ α be the half sum of complex positive roots. The decomposition of pi∗l into
irreducible is:
pi∗l '
∑
ξ∈M̂(σ ∗l )
⊕̂∫
a∗0
piξ,ν ⊗ 1(H∗ξ,ν⊗̂V∗l )KΠα∈∆+
∣∣∣∣ 〈ξ,α〉 + 〈ν,α〉〈ρ,α〉
∣∣∣∣2dν,(12.8)
where
M̂(σ ∗l )=
{[λ] ∈ M̂ |HomM(Vλ,V∗l ) 6= {0}}.(12.9)
On the other hand, the heat kernel hlt on l-forms of G/K is defined by:
hlt (g)=
ql∑
j=1
h
l,j
t ◦ prj ∀g ∈G,(12.10)
where hl,jt is, for all positive real number t , the End(V∗jl )-valued function on G given by:
h
l,j
t (g)=
1
|W |
1
d
j
l
∑
ξ∈M̂(σ ∗jl )
∫
ν∈a∗0
etωξ,νΨ
l,j
ξ (g)Πα∈∆+
∣∣∣∣ 〈ξ,α〉 + 〈ν,α〉〈ρ,α〉
∣∣∣∣2dν.(12.11)
Finally, we can give an explicit description of the set M̂(σ ∗l ). Actually, let Π be the set of
simple roots of g relatively to h, with:
∆= {±β1, . . . ,±βq}(12.12)
and
Π = {α1, . . . , αr }.(12.13)
Let ξ be an element of a∗0. Then, we have:
ξ ∈ M̂(σ ∗l )⇔∃

l(ξ) ∈ [l − r; l] ∩N,
(k0, . . . , kl(ξ)) ∈Nl(ξ )+1, 16 k0 < · · ·< kl(ξ) 6 q,
εp ∈ {−1;1}, 06 p6 l(ξ),
(12.14)
such that ξ is the sum of l(ξ) restrictions to a0 of distinct roots:
ξ =
l(ξ )∑
p=0
εp(βkp )|a0 .(12.15)
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Moreover, in this case, we have:
char(ξ)= ξ.(12.16)
Then, without using (g,K)-cohomology, a direct computation, from (12.14) and (12.15), gives:
∀ξ ∈ M̂(σ ∗l )‖ξ‖ = ‖ρ‖
⇔ 1
2
dimR(G/K)− 12 rank(K) < l 6
1
2
dimR(G/K)+ 12 rank(K),
(12.17)
where W is the Weyl group of G associated to MA. Hence, for the Novikov–Shubin invariants,
since rank(G)= 2 rank(K), we get, for all integer l in {0; . . .;dimR(G/K)}:
αl(Γ \G/K)=

rank(K) if 12 dimR(G/K)− 12 rank(K) < l
6 12 dimR(G/K)+ 12 rank(K),
+∞ otherwise.
(12.18)
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